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COVARIANT GEOMETRIC PREQUANTIZATION OF FIELDS
IGOR V. KANATCHIKOV
Institute of Theoretical Physics
Friedrich Schiller University, 07743 Jena, Germany
Tallinn Technical University, 19086 Tallinn, Estonia
A geometric prequantization formula for the Poisson-Gerstenhaber bracket of forms
found within the De Donder-Weyl Hamiltonian formalism earlier is presented. The
related aspects of covariant geometric quantization of field theories are sketched.
The use of the methods of geometric quantization1 in field theory is severely lim-
ited by the infinite dimensionality of the standard field theoretic canonical Hamilto-
nian formalism because of the difficulties of substantiation of formal generalizations
of geometric constructions to infinite dimensions.
We suggest an approach based on the De Donder-Weyl (DW) Hamiltonian form
of field equations
∂µφ
a(x) = ∂H/∂pµa , ∂µp
µ
a(x) = ∂H/∂φ
a, (1)
where pµa := ∂L/∂φ
a
,µ, H(φ
a, pµa , x
ν) := φa,µp
µ
a − L, L(φ
a, φa,µ, x
ν) is a Lagrangian
density, which incorporates the field dynamics into a finite dimensional polymo-
mentum phase space: (pµa , φ
a, xµ) and requires no space+time splitting. The Pois-
son bracket for the above DW formulation is defined on differential forms which
represent dynamical variables2,3. The basic structure is the polysymplectic form
Ω := dφa ∧ dpµa ∧ ωµ (ωµ := ∂µ (dx
1 ∧ ... ∧ dxn)) which maps (“horizontal”) f -
forms F to (“vertical”) multivectors XF of degree (n− f): XF Ω = dF. The map
exists for the so-called Hamiltonian forms the space of which is closed with respect
to the co-exterior product3: F •G := ∗−1(∗F ∧∗G). The bracket
{[F,G ]} := (−)n−f£XF (G), (2)
where £XF := [XF , d] = XF ◦ d− (−)
n−fd ◦XF , equips the space of Hamiltonian
forms with a Gerstenhaber algebra structure2,3,4:
{[F,G ]} = −(−1)g1g2{[G,F ]},
(−1)g1g3{[F, {[G,K ]} ]} + (−1)g1g2{[G, {[K,F ]} ]}+ (−1)g2g3{[K, {[F,G ]} ]}=0, (3)
{[F,G •K ]} = {[F,G ]} •K + (−1)g1(g2+1)G • {[F,K ]},
where g1 = n− f − 1, g2 = n− g − 1, g3 = n− k − 1.
How to quantize fields using the above generalization of Poisson brackets? Our
recent work on “precanonical quantization”5−12 based on heuristic quantization of
a small subalgebra of (3) leads to a generalization of quantum theoretic formalism in
which the polymomenta operators are pˆµa = −ih¯κγ
µ ∂
∂φa
and the covariant “multi-
temporal” analogue of the Schro¨dinger equation for Ψ = Ψ(φa, xµ) reads
ih¯κγµ∂µΨ = ĤΨ, (4)
where the constant κ ∼ 1
[length](n−1)
is of the ultra-violet cutoff scale and, for the
scalar field, Ĥ = − 12 h¯
2κ2∂2φφ+V (φ). It is notable that Eq. (4) enables us to derive
the standard functional differential Schro¨dinger equation in quantum field theory15.
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The main result of the present contribution is a generalization of a cornerstone
of geometric quantization, the prequantization formula, to the present framework13:
the operator
Fˆ = ih¯£XF + (XF Θ) •+F•, (5)
with dΘ := Ω, is a prequantization of a Hamiltonian form F in the sense that
[Fˆ1, Fˆ2] = −ih¯ ̂{[F1, F2 ]}, (6)
where [A,B] = A ◦B− (−1)degA degBB ◦A is a graded commutator. The operator
(5) is nonhomogeneous: the degree of the first term is (n− f − 1) while the degree
of the other two is (n−f). Therefore, the first two terms can be viewed as a covari-
ant derivative ∇XF corresponding to a superconnection
14; then the polysymplectic
form can be viewed as the curvature of the superconnection. Prequantum opera-
tors (5) can act on prequantum Hilbert space of nonhomogeneous differential forms
Ψ(φa, pνa, x
ν) =
∑n
p=0 ψµ1...µpdx
µ1 ∧ ...∧ dxµp with the scalar product 〈Ψ,Ψ〉 (x) =∑n
p=0
∫
(ψµ1...µpψ
µ1...µp)Vol, where Vol:=
∏m
a=1 dφ
a ∧dp1a ∧dp
2
a ∧ ...∧dp
n
a (no sum-
mation over index a here!). However, it is more suitable to Cliffordize the above
expressions according to the rule ωµ• = κ
−1γµ. Then the Cliffordized prequan-
tum operators (5) can act on spinor wave functions Ψ(φa, pνa, x
ν) with the positive
definite scalar product 〈Ψ,Ψ〉 =
∫ ∫
σ
ΨγµΨ Vol∧ωµ, where σ is a space-like hy-
persurface. Using the “vertical polarization” with Ψ = Ψ(φa, xν) one can derive
from (5) the operators already known in precanonical quantization5−12. Thus, the
structures of DW theory2,3 naturally lead to the notions of Clifford/spinor bundles
and superconnections14 as a framework of generalizing the techniques of geomet-
ric quantization1 to field theory, requiring neither a space+time splitting nor an
infinite dimensional geometry.
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